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With appropriately chosen parameters the C-metric represents two uniformly accelerated black
holes moving in the opposite directions on the axis of the axial symmetry, the z-axis.
We present specific analytical solutions of geodesic equations which describe particles or photons
orbiting around the z-axis and co-accelerating with the black holes. The stability of these geodesics
is also discussed.
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I. INTRODUCTION
The C-metric is a vacuum solution of the Einstein equations of the Petrov type D. Kinnersley and Walker [1]
showed that it represents black holes uniformly accelerated by nodal singularities in opposite directions along the axis





G−1dx2 + F−1dy2 + Gdp2 − Fdq2 , (1)
where the functions F , G are the cubic polynomials
F = −1 + y2 − 2mAy3 , (2)
G = 1− x2 − 2mAx3 , (3)
with m and A being constant. As we are choosing the signature +2, we take G > 0.
Although this form of the C-metric (1) is simple, it is not suitable for physical interpretation of the solution. Since
the metric (1) has two Killing vectors ∂/∂p, ∂/∂q it is possible to transform it in its static regions given by
G > 0 , F > 0 (4)
to the Weyl form [2] (see Sec. III). By further transformation [2] one can show that the C-metric is in fact a radiative
boost-rotation symmetric spacetime [3,4] (see Sec. IV).
Farhoosh and Zimmermann [5] studied a special class of geodesics in the C-metric { test particles moving on
the symmetry axis. In this paper we investigate another special class of timelike and null geodesics in the C-metric
given in the coordinates fx, y, p, qg by x = const, y = const (see Sec. II). Analysis of these geodesics in the Weyl
coordinates (Sec. III) and in coordinates adapted to the boost-rotation symmetry (Sec. IV) shows that these geodesics
represent particles orbiting around and uniformly accelerating (together with the black holes) along the axis of the axial
symmetry. It can be shown that for certain values of parameters m, A there exist timelike geodesics of the considered
type that are stable. However, null geodesics of the studied type are always unstable.
II. GEODESICS IN fx, y, p, qg COORDINATES
First we study geodesics in the coordinates fx, y, p, qg in which the C-metric has the form (1). The polynomials
F and G entering the metric have three dierent real roots i the condition




holds. Then the C-metric contains four dierent static regions A,B, C,D (see Fig. 1) where the polynomials F , G
satisfy (4). The metric (1) in each of these static regions can be transformed to the Weyl form with dierent metric
functions (see [4]).
Curvature invariants diverge at x ! 1 or y ! 1 [4] where curvature singularities are located (see Fig. 1).
The region B is the only static region without curvature singularities. In fact, it is the most physical static region
describing a uniformly accelerated black hole (see [4] for analysis of the other regions). Acceleration horizons and
black hole horizons are at y = yi where yi are the roots of the equation F = 0 and are denoted in Fig. 1 by AH and
BH, respectively.






















FIG. 1. The character of the regions determined by roots of the polynomials F and G is schematically illustrated. Static
regions are shaded, black hole and acceleration horizons are denoted by BH and AH, respectively. Dashed lines represent
curvature singularities.
If a metric has a Killing vector ξα then there exists a conserved quantity ξαUα for timelike geodesics with a tangent
vector Uα and ξαkα for null geodesics with a tangent vector kα. Since the C-metric (1) has two Killing vectors
∂/∂p and ∂/∂q, corresponding covariant components of the 4-velocity, Up, Uq, for particles and components kp, kq of

















where L and E are constants of motion, τ is a proper time for timelike geodesics and an ane parameter for null
geodesics.
Let us examine special geodesics x(τ) = x0, y(τ) = y0 with x0, y0 being constants. Then substituting (6), (7) into
the geodesic equations we obtain(











(−1 + mAy03 − x0y0 + 3 mAx0y02 E2
F (y0 )
= 0 . (9)
A linear combination of these two equations leads to the condition
3m2A2x20y
2
0 + mA (x0y0 + 3) (y0 − x0)− 1 = 0 . (10)
Points [x0, y0] in the region B satisfying this condition are plotted in Fig. 2.
The norm of the four-velocity is









=  , (11)
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where  = −1, 0 for timelike and null geodesics, respectively.
From (8) and (11) for a given timelike geodesic ( = −1), i.e. given x0, y0, constants L and E read
L2 =
G(x0)2
A2 (x0 + y0)




A2 (x0 + y0)
3 (1− 3mAy0) y0
. (13)
In the region B, L2 and E2 are positive only for x0 > 0 where thus timelike geodesics exist (see Fig. 2). Thus all
timelike geodesics in the region B with x, y being constant are given by
x(τ) = x0 ,









where x0 2 (0, x3), y0 is given by (10), and L, E are given by (12) and (13), respectively.
Spacelike geodesics have x0 < 0 and we do not consider them further.
There exists a null geodesic  = 0 (the circle in Fig. 2):















Notice that L2 is positive since the condition (5) is assumed to be satised.
Let us now examine stability of timelike geodesics. For this purpose we rst construct an eective potential of a







































E2 − V 2
E2
, (17)












The geodesic (14) is stable if the potential V has its local minimum at the corresponding point x0, y0. For given
m, A, and L there is only one point (x, y) in the region B satisfying
∂
∂x
V (x, y) = 0 ,
∂
∂y
V (x, y) = 0 . (19)
One can show that this point lies on the curve (10) with L given by (12). Numerical calculations indicate that
the necessary condition for existence of local minimum of the potential V at the point [x, y] is (see Fig. 2)































FIG. 2. The solid curve is given by (10) (the circle represents the null geodesic given by (15), each point on the curve
between the circle and the cross represents a timelike geodesic (14) and the remaining points correspond to spacelike geodesics),
the dashed curve is given by V,xx V,yy −V,xy2 = 0, where L was substituted from (12) after performing the derivatives for: a)
m = 1/2, A = 1/3 (not satisfying (20)); b) m = 0.02, A = 0.05 (satisfying (20)) – between the intersections of the two plotted
curves the geodesics (14) are stable and the corresponding potential V has there its local minimum.
Figs. 3a, b illustrate the behaviour of the potential V for parameters m, A which do not satisfy and do satisfy











































FIG. 3. The function V as a function of x, y for L = 0.084 and a) m = 1/2, A = 1/3 (not satisfying (20)); b) m = 0.02,
A = 0.05 (satisfying (20)), where a local minimum exists.
For parameters m, A not satisfying the condition (20) there is no local minimum of the potential V and thus a
small perturbation causes that a freely falling particle moving along the geodesic (14) falls either under the black hole
horizon or under the acceleration horizon.
For parameters m, A satisfying the condition (20) and for suitable L (see Fig. 2) there exists a region (the region
bounded by a closed curve in Fig. 4a) from which freely falling particle with E lower than a certain critical value
cannot escape (see Fig. 5a). In this region considered geodesics are stable. As it will be clear in Sec. IV these trapped
particles are co-accelerated with the uniformly accelerated black hole. If the parameter E of these trapped particles
is increased over a certain critical value they fall under the acceleration horizon (and thus they are not co-accelerated































FIG. 4. Curves V =const for m = 0.02, A = 0.05, L = 0.084: a) V =
p
372.9; b) V =
p


















FIG. 5. Curves V = const as in Fig. 4 and numerically obtained geodesics for m = 0.02, A = 0.05, L = 0.084. All geodesics
start at the same point (x0, y0) which lies on the curve (10) but have different initial velocities, i.e. different constants of motion
E: a) E =
p
372.9 – a geodesic of a co-accelerated particle; b) E =
p
373 – a geodesic of a particle falling under the acceleration
horizon; c) E =
p
429 – geodesics of particles which fall under the acceleration or the black hole horizon depending on direction
of an initial velocity.
Similarly we may derive an eective potential  for zero-rest-mass test particles substituting (6), (7) into the



























In the considered part B of the spacetime, the function  has vanishing rst derivatives at the point x = 0,
y = 1/(3mA) (the circle in Fig. 2), however, there is not a local extreme and thus the geodesic (15) is unstable.
III. GEODESICS IN THE WEYL COORDINATES
For interpreting the geodesics (14), (15) we transform them into the Weyl coordinates in this section and into
the coordinates adapted to the boost and rotation symmetries in the next section.
As was mentioned earlier the C-metric in each of its static regions can be transformed to the static Weyl form
ds2 = e−2U

e2ν(dρ2 + dz2) + ρ2dφ2
− e2Udt2 (23)
by transformation (see [2])
z =








φ = p ,
t = q .
Transforming the C-metric in the region B into the Weyl coordinates we obtain
e2U =
[R1 − (z − z1)] [R3 − (z − z3)]





A6(z2 − z1)2(z3 − z2)2

R2R3 + ρ2 + (z − z2)(z − z3)
 
R1R2 + ρ2 + (z − z1)(z − z2)

R1R2R3 [R1R3 + ρ2 + (z − z1)(z − z3)] e
2U , (26)




(z − zi)2 + ρ2 , (27)
and z1 < z2 < z3 are the roots of the equation
2A4z3i −A2z2i + m2 = 0 . (28)
As was shown in [2], the C-metric in the Weyl coordinates corresponds to the eld of a rod between z1 and z2,
a semi-innite line mass at z > z3 and conical singularities for z < z1 and z2 < z < z3 keeping them apart. The
rod between z1 and z2 represents the black hole horizon and the semi-innite line mass at z > z3 represents the
acceleration horizon (see Fig. 6).
The regularity condition of the axis
e2ν(ρ = 0, z) = 1 (29)
is not satised at points on the axis where nodal singularities appear. Since the metric (23) with metric functions
e−2U
′
= a e−2U , (30)
e2ν
′
= b e2ν ,
a and b being constants, also satises the vacuum Einstein equations, by choosing the constant b appropriately we
may regularize (i.e. fulll the condition (29)) either the part of the axis z < z1 or z2 < z < z3 (see [4]).
The conditions (6), (7) for geodesics in the Weyl coordinates (corresponding to the existence of two Killing vectors









= Ee−2U . (32)
Due to the transformation (24), the geodesics x(τ) = x0 = const, y(τ) = y0 = const, discussed in the previous section,
now have the form ρ(τ) = ρ0 = const, z(τ) = z0 = const. The condition (10) in terms of the coordinates ρ, z reads
R1R3 − R3R2 −R1R2 = 0 , (33)











FIG. 6. The region B in the Weyl coordinates: the axis ρ¯ = 0 with the black hole horizon (BH, z¯1 < z¯ < z¯2) and
the acceleration horizon (AH, z¯ > z¯3) and the curve given by Eq. (33) for m = 1/2, A = 1/3 (the circle corresponds to the null
geodesic (35), each point between the circle and the cross represents a timelike geodesic (34) and the other points on the curve
correspond to spacelike geodesics).
Timelike geodesics (14) have in the Weyl coordinates the form
ρ(τ) = ρ0 ,





t(τ) = Ee−2U(ρ¯0,z¯0)τ ,
6
where z0, ρ0 are constants satisfying (33), and E, L are constants of motion ((31), (32)).
Similarly the null geodesic (15) in the Weyl coordinates reads (the circle in Fig. 6)












1− 27m2A2 τ .
Analogously as in Sec. II, (16){(18), a motion of a freely falling particle with the constants of motion E, L is










Notice, that since the potential V and the condition (33) do not depend on the function e2ν , after changing
the constant b, i.e. changing the distribution of nodal singularities, the geodesics (34) remain geodesics and, moreover,
this change does not aect their stability.
In Fig. 7 (analogous to Fig. 4) curves with dierent values of V 2 are plotted. There again appear a region bounded
by a closed curve from which trapped particles with a given parameter E cannot escape. Particles with E higher than
a certain critical value fall either under the black hole horizon (the axis between w1, w2 where w = jzj1/4sign z) or




























FIG. 7. Curves V 2=const for m = 0.02, A = 0.05, L = 0.084 (to compactify the picture coordinate w = jz¯j1/4sign z¯ is used
instead of z¯; wi correspond to z¯i). The potential V is infinite on the axis at w 2 (−1, w1) and w 2 (w2, w3) and null at
the black hole and acceleration horizons at w 2 (w1, w2), w 2 (w3, 1), respectively.
IV. GEODESICS IN THE CANONICAL COORDINATES ADAPTED TO THE BOOST-ROTATION
SYMMETRY
To nd an interpretation of geodesics studied in the previous sections we transform the metric (23) by the trans-
formation
ρ2 = ρ2(z2 − t2) ,
φ = φ , (37)




ds2 = −eλdρ2 − ρ2e−µdφ2 − 1
z2 − t2

(eλz2 − eµt2)dz2 − 2zt(eλ − eµ)dz dt + (eλt2 − eµz2)dt2 (38)
which is adapted to the boost and rotation symmetries (see [3,4]). The inverse transformation to (37) has the form
ρ =
qp
ρ2 + (z − z3)2 + (z − z3) ,
z = 
qp
ρ2 + (z − z3)2 − (z − z3) cosh t , (39)
t = 
qp
ρ2 + (z − z3)2 − (z − z3) sinh t ,
where either upper or lower signs are valid.
From (39) it follows that geodesics we are interested in, satisfying ρ = ρ0 = const, z = z0 = const in the Weyl
coordinates, in the coordinates ft, ρ, z, φg satisfy ρ = const and z2 − t2 = const (the worldline is a hyperbola
in the (z,t)-plane which corresponds to an accelerated motion along the z-axis, see Fig. 8). Geodesics of this type
(corresponding to (34), (35)) now have the form
ρ(τ) = K1 ,
φ(τ) = c2τ , (40)
z(τ) = K2 cosh c1τ ,




ρ20 + (z0 − z3)2 + (z0 − z3) ,
K2 =
p
z2 − t2 =
rq
ρ20 + (z0 − z3)2 − (z0 − z3) ,





These geodesics describe particles orbiting the z−axis and uniformly accelerating with an acceleration 1/K2 along





FIG. 8. Uniformly accelerated black holes (the shaded region) and co-accelerated test particles (dashed lines).
V. CONCLUSION
In the most physical region of the C-metric which describes black holes uniformly accelerated by nodal singularities
along the axis of the axial symmetry, we have studied a special type of timelike geodesics corresponding to co-
accelerated particles spinning around the uniformly accelerated black holes. For certain values of parameters m, A,
and L ((20), see Fig. 2) these orbits are stable and a change in the distribution of nodal singularities does not influence
their stability. Particles with a slightly perturbed parameter of motion E remain co-accelerated with the black hole
8
(see Fig. 5a), however, particles with higher E fall under the acceleration horizon (and thus are not co-accelerated
anymore, see Figs. 5b, c) or under the black hole horizon (see Fig. 5c).
There also exist null geodesics describing co-accelerated zero-rest-mass particles orbiting the black hole. They are
always unstable and after an arbitrarily small perturbation they fall under the black hole horizon or the acceleration
horizon.
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